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ABSTRACT

By the use of a semi-martingale property of the Koimogorov supremm, the

results of Pyke [Proc, Cambridge Phil. Soc. 64 (1968), 155-160] on the weak

convergence of the empirical process with random sample size are simnlified

and extended to the case of p(>1)-dimensional stachasti- vectors.
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1. Introduc.. . Consider a secuence {X.=(X..,...,X. )', i>1} of independent
ANANANS NSV y ~i il ip -
and (. wiically distributed stochastic p(>1)-vectors, defined on a probability
space (@,R,P), with each X; having a continu.us distribution function (df)

F(x), §eRp, the p-dimensional Euclidean space. We denote the marginal df of

T

X.. by F,. Y.. = . . j=1l,...,p, Y. = sysesesYs ), 121,
ij y (i]’ let i3 F[J](xlj)’ =1, »P Xl (le Y. ) i>1

ip :

E:(t,,....tp)‘, and define x
L G(t) = P{Y;;<ry, §=1,....p), ted®, :
P

where EP = {t: ngjf}, i=1,...,p}. Then, the 2mpirical df for Xl""’xn is i
defined by 4
(1.2) 6. (t) =017 cre-Y,), tecP 3
* n- -~ i=1 - "i r X »
where c(:)=! iff uj>0, j=1,...,p; otherwise, c(u)=0. Consider then the f
-~ ~ i3

empirical p:ocess .
- L p 3
(1.3) W (L) = a6 (£)-G{z)), teE’,
and denote by i
- . P k.

(1.4) ¥, = ¥ (0): teET). -
for p=i, it is weil-known that ﬁ‘ weakly converges to 3 Brownian motion -

W ={W°(t}: 0<t<1}. For p>1, on the space DF[O,I] of all real functions on Z
P with no discontinuities of the second kind, N convergas in distribution 3
(in the (extended) Skorokhod Jl-topology) to an appropriate Gaussian function, K:
N
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say, W= {W(t): Eeﬁp}, where E{W(t)]=0, and

(1.5) E[W(s)W(E)] = G(ths)-G(£)G(s), t, seEP

1

and *As = (tlAsl,...,tpAsp), where ahb = min(a,»); =c refer to Neuhaus (1971)
who also reviews the earlier litexature.

Let now {NV, v>1} be a sequence of positive integer-vaiued random variables,

such that

1

(1.6) v N, * €, in probabili- , as v,

where £ is a pow.itive random variable defined on the samc probability space

@,4,p).

For p=1, Fyke (1968) hi3 shown that under (1.6), WN converges in law to w°;

v
his result is extended her: to the general multivariate case.

Theorem 1. Under (i.6), for every p>1,

WN 2, W, in the Skorokhod Jl-typology on Up[o,l}.
v

The proof is outlined in section 3. Whereas, Pyxe's arguments rely heavily
on the properties of an equivalently defined Poisson process (which may become
quite complicated for p>1), our approach is based on a simple semi-martingale

aropcerty of the Kolmogorov supremum, which is considered first in secticn 2.

2. Scmexpre?iminar results. For twoe real valuved functions Z(t) and Z*{t°,
A VAR AR RRAAR < ~

defined on Ep, w2 let
(2.1 p(2,2%) = Sup{|z()-Z* ()] teEP),

and for every nxl, let

xS on =200 > DR Ry o
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(2.2) W; = Sup{wn(E): EEEP}, W; = SUP{‘Wn(E)' EEEp};
1 - ~ + - -
(2.3) W = ma,\{wn,wn} = (¥ ,9).

Let E?n be the o-field ~cnerated by {X ,...,X }, so tha% 3; is 4 in n (>1).

1} Then, we have the following

1
Lemmga 2.1, {nfwl,

l -
EFn; n>1} and {nfwn, 3;; n>1} are both nea-negative

semi-maxtingale sequences.

—

S N3 S LR R VLY A U L LRI KO BRI AP ACs WAV I 1208 trN,M&n_w«%‘A’::msmmlﬁ

f; Proof. We unly prove the result rfor W:, as the other fellows similarly. Note
Z thet Wﬁ is, by definition, non-negative [as ¥ {t)=0 for t=0 or t=1]. Llet
% Eg(sﬁp) be a point such that

3 :
E 2 t o w 0,. o 3 [ 3

5 (2.4) Wn = hn(gn), En need not be unigue.

&: Then, by definition,

: A N : 1%

2 (2.5) (n+1) wml = (n+1}" sup p hnﬂ(};) > (n+l) Wn+1(gn;,

% tek

£

3 so that, by (1.2), (1.3) and {2.5), for every n>l,

" (2.6) E{(ne1) 5 [% } > a’(nu)*w I RN

i n+l! ¥t =70 n+ln’' Tp

f _ Rl 20 N Oy1i

: = ¥y Ellete,-Y,) - 61 %)

-' _yn o e Oys O v v _ ereO11 % 3
sop lele-Y,) - 6(e )} + Elle(ey-Y ;) - 6],

3 =%+ 0 =W,

z n n
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as, given §i, c(t -Yr+1} assumes the values 1 and 0 with respective conditional
i ~ho~n T

probabilities G(E:) and 1-G(E§). Q.E.D.

Lemma 7.2. For every n>l, there exist two positive constants co and €

independent of 1, such that

~n

2.7) EL0N)2) < cp/c, and E{(W)?} < cg/c).

Proof. By partial integrazion,

+ ® + N,
(2.8) E{(Nn)z} = 2 é xP{¥ >x}ds,

whzre by Theorem 1 of Kiefer and Wolfowitz (1958), for all n>l,

ey
AN

e

(2.9) P{K;>x} <<, exp{-clxz} for all x>J.

T

e

P

Consequently, by (2.8) and (2.9), E{(w:)z} f~CO/C1' The other resulz follows

o

similarly.

2 Lemma 2.3, For every ¢>0, there exists & positive XK_(<=), such that for every

£

a1,

(2.10) P{max,<k<n (k/n)%

p{N, ,0) > xs} < €.

Pracf. By {2.3), for every €30,

(2.11} P{ma (k;'n)!s

M%) 1 en p(¥,,0) > Ks}

max s+ Y,y max % - 4
< p{ KW, > o ka} P{IEFS? KWy, > n

—  1<k<n k ke}’

and hence, by Lemma 2.1 along with the Kolmogorov imequality fcr semi-martingales

3
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{viz., Feller (1966. p. 235)], the right and side of (2.11) is bounded above by

(2.12) (nx;)"‘[nﬁ{(w;)z} + nE{ (¥)?)]
= [E{(W)?} + 2o 0r)23)/KE

< 2¢c4y/e K2, by Lemma 2.2.

re
€

1
The proof then follows by selecting Ke>[2c6/cle}1. Q.E.D.

Llemma 2.4, (Uniform comt:inuity in probability). For every >0 and n>0, there

exists a 550 and an no(e,n}, such that for nzpois,n),

7 max

{2.12) P, [k - j<ép p(hk,hn) > ¢l < n.

Proof. Proceeding as in the proof{ of Theorem 2.1 of Pyke (1962), namely, as in

his (2.7 through {2.10)}, we are only tu show that as no,

: ) -
(2.14) rﬂaxlikin (k/n) " of¥,,0) Op(i).
(2.15) o(W_,9) = Supl|W (£3]: tegP} = 0,(1).

Now, (2.14) has already bcen proved in Lemma 2.3, while by Theorem 3.1 of
Neuhaus (1971) along with his treatment on the weak convergence of K to ¥,

it follows that for every €>0, there exists a positive M_{<x}, such that

(2.16) lim Hp(v ,0) > 1)

n =

= plegw,0) > Me} < g'; 0<g'<e,

which completes the preof of the lemma.
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We now snow that {Wn} is a mixing sequence in the sense of Rényi (1958).

This follows by defining

(2.17) N (1) = n"1{22=k [C(E—Yi)-G(g)}}. Eeﬁp,
R

where kn~v hut n'5 kn + 0 as n+0, and ncting that

(2.18) p¥ K1) < n.52 k +0 as n».

Consequently, proceeding as in the prcof of Lemma 3 of Blum, Hauson and Rosenblatt

(1963}, we obtain from Lemma 2.4, the following.

Lemma 2.5. If Acf, then for every e>C and n>0, there exists 2 4>0, such that

mnax )
(2.19) Ple: Tkonf<sn P(By) > ela} < n.

Let us now define

(2.20) ws () = Sup{{wn(g)-w vl v les)

Taen, from the results cf section S of Neuhaus (19713}, for every €>0 and n>U,

there existy a 8>0, such that

2.213 i ;
(2.213 lim _ Plug(® ) > e} < a.

Hence, again wsing (2.18) and Rényi's (1938) idea of mixing sequence ef sets,

we have for Ac.ﬁ,

(2.22) vim Pl
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The proof of Theorem 1. et [s] denote the largest integer <s. Then for
A AN SARAA. -

>0,

3.1) ?{o(W , {vil) > ¢}

< PO TN -81280) « plothy Wy ) > e, PN -t)<e )

{ vl

S Eax , -
< Filv ‘\V'QEE_C'} + P{k! |§2-{\.‘£]‘<6'\) C(w]\"h[\)é,])>€}’ §'>9.

&
3
T

Thus, if £=c, 2 positive coastant, wit) probability one [the case treated in
Pyke {1968)], it readily follows from (1.6) and (2.19) that the right hand side
of (3.1) can be bounded by n(>0) by a proper choice cf 6'>0. The proof of the

theorem then follows by noting that by the results of Neuhaus (1971), as v,

AR T e e o

3.2) w[vc}£L W, in the Skorokhod J,-typology on Dp[O,l].

b e, 9 g B
S L

So, in the sequel, we consider the generzl case of £ having an arbitrary

Trd TSNS v £ L

distribution on (0,«). Fer every n>0, there exists an a, = ao(n), such that
(3.3) P{¢ < a (nj} < L.
; =% 3

Consider then a countable set of events

Sy : a ¥R “',.‘:",—& oy MY K 18 ]

(3.4) Ah = {g: ao(n)ehé'<€§§o(n}¢(hél)6'}, h=0,1,...,

’ and let 3 ah(o',n} = ao(n)*(h¢%)6', h=0,i,... Then, tne right hand side of

(3.1) is bounded above by

‘.. r
2

Sy

Zax

TEyT

© oy A L I sy ko At N . B : N . o
P e T T e NS AN AT BN 0 B T o ¥ v S T e R ST g S S T e S P P T i D iy g S
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P{IVIN -£]>6') + P{E < 3 ()} +

® max X .
Zh.—.(} p{k: [k-fvg]|<vé! O(wk'h[\)g]psmh}p('\h)

< P(vIN -£]>8) + PlE < a (3} +

™ o max < e .
Lhey Py, ik-{va, ]1<36"y p‘hk’“[va}})>elAh}P(Ah)‘

h* 172 :
Now, by {1.6) and (3.3}, the first two terms on the right hand side of (3.5) are
beunded by n/4 by proper choice of 6'>0, vhile by (2.19), the last term can

alse be bounded by n/2, by proper choice of &'(>0}, as va, e with v, fur every

h>0. Consequently, as v,

(3.6) oM, W ) %o
VR PT[vE] ’

Thus, it suffices to chow that as v,

(3.7) wivfl %2 ¥, in the Skorokhaod Jl-topology on Dp[o,l}.

Now, (3.2) implies the convergence of the finite dimensional distributions of

{% } to those of W, while (2.13) implies that for any tee?, {W (2): |v-n|<sn}
satisfy the "uniform continuity in probability" condition; these two conditions.
in accordance with Theorem 1 of Mogyorodi (1965}, imply the convergence of the
finite dimensional distributions of {W[vg]} tc those of W. SO, to complete the
preof of the theorem, we require to ectstlish the 'tightness' property of {W{vg}}
when v+, By (1.7) and (3.5) of Neuhaus (1971}, it suffices te show that for

every ¢>0 and n>8, there exists a positive §, such that as v,

:\"
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To show this, we note that for every €>0, §'>0,

(3.9) p{wﬁ'(w[\ff;]) > e}

(A
<~
—~~—

[ |

| A
[-Y]
=
v

et
)
+

p{wéu(w 1) _>_€9 E, > ao(ﬂ)}

[vg

yoo

Lheg Pl
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A
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| v
LY e

cPlEca ()« f oo Plug, (va, e|a, Yoia)

: © nxX . - 1+,

E * zh=0 p‘k: Ik-[vah]l<lé'v Ct&k’“{va )’ Z-§€l\h}p(Ah)’
b } 2 h

; which, by (3.3}, £2.22) and (2.19), can be made smaller than n(>0; by a
X

-3 proper choice of 6'(>0). Q.E.D.
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